Abstract. The influence of the radiation of an initially bound electron in an ultra-intense laser field on its dynamics and the consequent corrections to its spectral response are investigated within the relativistic classical Lorentz-Dirac approach. We find appreciable damping of the electron motion in the direction of polarization of the laser field, and a consequent reduction of the electron oscillation frequency. This yields a further boost in the electron velocity in the direction of propagation of the laser pulse, which can also be understood as due to the reabsorption of emitted radiation mainly with momentum in the direction of electron motion. The increase in the redshift of the electron motion is visible in the spectral response detected perpendicular to the laser propagation direction.
There has been considerable interest in predictions of the behaviour of atoms in strong electromagnetic fields [1] , given the availability of very intense laser pulses in a number of research laboratories [2] . Theoretical studies of free electrons in super-intense electromagnetic fields, employing both classical and quantum descriptions, go back to the advent of laser sources in the 1960s [3] . But it is only recently that the interaction of atoms with super-intense laser fields has been investigated experimentally using femtosecond laser sources. Electrons are accelerated to relativistic energies in the regime starting at 10 18 W cm −2 for near-infrared radiation. The electrons oscillate with relativistic energies in such a laser pulse and efficient high-order harmonic generation has been observed [4] . The emitted radiation is relatively intense and the question arises as to how the presence of this field affects the motion of the electrons. In fact, the influence of radiative reaction within a rigorous treatment is a serious, unsolved problem in both classical and quantum electrodynamics [5, 6] . However, a consistent extension of ordinary Maxwell dynamics can be developed: Dirac showed, in his classical relativistic theory of the electron [7] , that the emission of radiation leads to a mass renormalization and to forces which generalize the non-relativistic Abraham-Lorentz model. This Lorentz-Dirac model has been investigated in great detail [8] and, though it shows somewhat puzzling properties when small distances or time-scales are involved, has been accepted as describing radiative effects well. A breakdown of this classical model is expected to happen when intrinsically quantum and, in particular, proper QED effects, such as pair creation, are important.
In this letter we investigate the dynamics of free and initially bound electrons at such high laser intensities that the amount of emitted radiation due to the enormous acceleration by the laser field is sufficiently strong to influence significantly the dynamics of the electron. This 'back action' of the radiation results, as expected, in the damping of electron motion; however, this is only the case in the polarization direction of the linearly polarized laser field. This decrease in the electron velocity leads to a reduction of the electron oscillation frequency in the polarization direction. In the propagation direction, the relativistically moving electron generally follows the laser pulse, but is slightly slower, i.e. slips behind and oscillates with a strongly redshifted frequency. As a consequence of this decrease of the electron oscillation frequency due to damping in the polarization direction, the electron has to fall behind the laser pulse more slowly, i.e. has to move faster in the direction of the laser pulse. Therefore damping in the polarization direction implies a stronger drift of the electron in the propagation direction of the laser pulse and vice versa. The damping in the polarization direction follows from the fact that the radiated field is essentially phase shifted by π with respect to the applied field. The counterintuitive extra boost can be understood as due to the reabsorption of emitted radiation, because the latter is predominantly emitted in the direction of the ultra-relativistic electron motion along the propagation direction of the laser pulse. Also we present results suggesting an increase in the redshift in the Monte Carlo averaged radiated spectrum for detection perpendicular to the direction of propagation of the laser pulse.
The approach employed here is based on a classical Monte Carlo simulation of the relativistic laser-atom interaction [9] , but now with additional modifications due to radiative reaction [5, 7, 11] . Quantum mechanical calculations appear to be impossible for present numerical facilities for highly relativistic intensities and relatively low frequencies of interest here [10] . However, classical dynamics in this regime should produce sensible results because ionization occurs at about the order of the atomic unit in time and thus many orders of magnitude faster than typical relaxation rates among quantum mechanical bound states and laser-induced superpositions of those. Free-electron dynamics is sufficiently well described by classical theory. In the weakly relativistic regime, the quantum ionization behaviour in more than one-dimensional models including the magnetic field component (Rathe et al in [10] ) of the laser field has already confirmed the classical ionization behaviour (Keitel and Knight in [9] ). The role of the nucleus for the laser intensities of interest here is merely to determine the initial condition for the electron position and momentum, as within one laser cycle the electron is driven many atomic units away from the nucleus. Thus, we will initially consider the dynamics of a free electron and for the evaluation of the spectral response we average over a microcanonical ensemble of initial electron positions and momenta which simulate the hydrogenic ground state [9] . We emphasize that the physical situation discussed here is quite different from processes investigated recently by Hartemann and Kerman [12] . They consider free electrons accelerated to highly relativistic velocities which interact with a strong laser field very similar to recent beam experiments at SLAC [13] . In contrast to the laser-atom interaction studied here, in that case radiative forces become large compared to the laser field forces due to the Lorentz boost.
Before proceeding to a discussion of the radiation spectra, we recall that the spatial part of the covariant Lorentz-Dirac equation of motion for the 3-vectors of position r and momentum p including radiative reaction of a classical electron in a linearly polarized laser field is given in atomic units by [11] 
Here the Lorentz forces due the laser field f L and the additional force due to radiative reaction f r are given by
In the weakly relativistic limit we recover the Abraham-Lorentz expression, from this equation. In equation (3) k and ω denote the wavevector and the angular frequency of the laser field, with electric field component E(t, r) = h(ωt − k · r)E 0 cos(ωt − k · r) and magnetic field component H(t, r) = h(ωt −k·r)H 0 cos(ωt −k·r). The amplitudes E 0 and H 0 define the maximal electric and magnetic field vector, respectively, with
The envelope function h describing both the electric and magnetic field pulse shapes is assumed to increase linearly for a time T l = 2πc l /ω and to stay equal to unity thereafter for a time
The conditions on wavelength and laser intensity [11] for the applicability of equation (3), indicating that the radiative forces occurring are small, are largely fulfilled with currently available laser systems. The coefficient τ = 2/(3c 3 ) is the characteristic Compton time constant, during which the light travels across a classical electron radius, with a numerical value of about 2.6 × 10 −7 au or 6.6 × 10 −24 s. This is the time scale for microscopic acausal effects but is far below the time scale of the laser-electron interaction. We wish to emphasize that our treatment of radiative reaction implies the absence of unphysical runaway solutions, which have been identified earlier as a potential problem in solving related physical situations. Aguirregabiria [14] has recently shown that with the so-called successive approximation of the radiative force, as employed here, forward integration of the differential equation gives rise again to the correct physical solution. The validity of this technique requires the radiative reaction to be small as justified in this letter, while a different approach is necessary for situations with strong back action as studied by Hartemann and co-workers [12] .
The equation of motion above can be reformulated more conveniently in terms of the accelerationv as
The problem is essentially two dimensional for a linear polarized laser field, with x being the direction of propagation of the laser field and y being the polarization direction of the electric field component. Then we can write the dynamical equations for the electron motion in a form which more easily allows numerical analysis:
The prefactor τ indicates the terms due to radiative reaction and we have used the following abbreviations: x d := 1 −ẋ/c, y s :=ẏ/c, r := 1 − ẋ 2 +ẏ 2 /c 2 and
The dots on the variables x, y and l indicate the total derivative in time.
The most obvious but, as we shall see later, not the most sensitive way of identifying the effects of the radiative reaction is to solve the above equations of motion (5) for an ultra-intense laser field and consider the trajectory with and without the contribution of f r , i.e. with time constant τ = 0 or τ = 2/(3c 3 ). This is shown in figure 1 for an intensity of 10 22 W cm −2 , an angular frequency of ω = 0.086 au and a time of propagation corresponding to 3000 laser cycles. Note that barely seven oscillations of the electron are present because of its highly relativistic motion in the direction of the laser pulse, which Figure 1 . Single-electron classical trajectory of an electron initially at rest during the interaction with an ultra-intense laser field of intensity 10 22 W cm −2 and doubled Nd:YAG angular frequency ω = 0.086 without radiative reaction (a) and with radiative reaction (b). The time of interaction corresponds to 3000 laser cycles with c l = 3 and c f = 2997, while due to the highly relativistic electron motion in the pulse propagation direction, the electron has only experienced approximately the first seven cycles. The electron is initially at the origin with vanishing velocity and at the final time (t = 2π3000/0.086) at {x, y} = {29 925.441, 88.165} kau (a) and in (b) at {29 925.463, 89.203} kau. The units are in atomic units throughout the paper (kau = 1000 atomic units, Mau = 1000 kau).
leads to strong redshifting of the electron oscillation with respect to the laser frequency. At first sight no differences of the trajectories with and without radiative reaction appear visible; however, a careful examination of the precise trajectories reveals small deviations: starting with the same initial conditions, the final point in space without radiative reaction for this example is at {x, y} = {29 925.441, 88.165} kau and at {29 925.463, 89.203} kau. For even stronger laser fields the deviations arising from radiative corrections would increase further, however, this would mean a significant numerical task due to immense redshifts and the consequent long integration in time. The most notable difference occurs for the component in the polarization direction of the laser field: with radiative reaction, the electron falls slightly less back in the sense that it has completed a smaller fraction of the last oscillation shown in the graph. This is in line with our intuition that radiative reaction should lead to damping of the electron motion. However, we find a velocity boost of its motion in the laser propagation direction x, which is visible from the above numbers in the final point of figure 1 . This is not a contradiction because the damping in the y-direction leads to an increased redshift of the electron motion with respect to the laser oscillation frequency, while a damping in the x-direction would imply the opposite effect. This phenomenon also appears to be sensible because the electrons move with ultra-relativistic velocities in the direction of propagation of the laser field. Consequently, the emitted radiation field is essentially within a small cone around this direction [11] and thus makes reabsorption of emitted radiation with field momentum in the direction of the electron motion far more likely than that in the opposite direction. We still need to emphasize that the interpretation of the process of reabsorption is delicate in classical dynamics because it must occur on the ultra-short time scale τ , when the emitted field is leaving the classical electron radius with velocity c. The classical electron radius is 2.8 fm, while the Compton wavelength (the quantum mechanical counterpart) is with 2.4 pm larger by a factor of 1000.
In order to gain a more intuitive insight into the underlying physics we now investigate the contributions to the accelerationsÿ andẍ arising from the radiative reaction. For this purpose we consider one single oscillation of the electron in a laser field with constant maximal amplitude, and evaluate during this time the derivative and square terms of the radiative reaction contributing to the acceleration in both x and y directions (see thel and l 2 contributions in equation (5)). In particular, we have plotted in figure 2(a) for the y component 2 r/c for (i), (ii) and (iii), respectively. Considering first figure 2(a) (i) we note that the total force due to radiative reaction is strongest at the turning points of maximal acceleration and that it is oriented in the opposite direction to that of the motion. Thus it damps at all times apart from a small positive acceleration along the motion between the turning points. From (ii) and (iii) of this figure we learn that the square contribution F ys (t) in (iii) is essentially responsible for the damping, while the derivative term F yd (t) in (ii) leads between the turning points to a positive though small acceleration in the direction of motion. Furthermore, we see in (ii) a damping contribution close to the turning points: this disappears for higher intensities and becomes the dominant contribution in the weakly relativistic regime. In effect, theĖ(t) term in equation (3) is the leading term in the weakly relativistic limit. It is a damping term in the polarization direction because it is approximately proportional to the third derivative in the polarization direction y and since this is approximately a sinusoidal motion in this limit also proportional to the negative of the velocity in y. In the strongly relativistic limit the −τ v/c 2 [·] and last term in equation (3), which is essentially the time derivative of the totally radiated momentum, turn out to be the leading damping contribution in the polarization direction y. In figure 2(b) (i) the total force due to radiative reaction in the x-direction is displayed along with the corresponding motion. At the turning points in the y-direction, the electron velocity in the x-direction reduces strongly and then increases again to almost the speed of light, continuing in the same positive x-direction as the laser pulse. We note that there are significant velocity boosts due to radiative reaction at these points of strong acceleration arising from the square term in the laser field (iii) and small damping contributions in between due to the derivative term (ii). The leading contribution here turns out to be the Figure 3 . The Monte Carlo radiation spectrum as a function of the multiple number n of the applied laser frequency ω L ((i) S Ly , S Lx without radiative reaction, (ii) S ry , S rx with radiative reaction and (iii) S dy , S dx the difference of the latter minus the former) for a hydrogen atom in a laser field with 10 19 W cm −2 intensity and ω = 0.086 angular frequency and pulse shape c f = 50, c l = 0. The initial state of hydrogen is simulated with a microcanonical ensemble of 1000 members, while the time evolution is evaluated without the influence of the nucleus due to the essentially instantaneous ionization. The spectrum is evaluated in the direction perpendicular to the polarization and propagation direction of the laser pulse to show most clearly the effect on the redshift. Part (a) shows the spectrum arising from the radiated electric field polarized along the polarization direction y of the laser field, while (b) considers the components polarized in the propagation direction x of the laser pulse.
term proportional to the Poynting vector in equation (3) . Because of the 1/c 4 prefactor, we can associate this expression with the energy flux of the generated, rather than the applied, laser field. The response of the electron to this additional energy flux is absorption and thus a further energy and momentum boost in the propagation direction of the laser field. Equally this radiative correction could also be identified quantum mechanically with the reabsorption of a part of the emitted photons, which are directed mainly in the +x-direction. The other terms proportional to the square of the applied laser field in equation (3) are higher-order terms, which strongly reduce but do not eliminate this extra boost.
We obtain further insight into the underlying physics of radiative corrections by considering the angular distribution of the radiated field with electric field component E r and magnetic field component H r of an accelerated classical point charge [11] :
where n is the direction of observation of the radiation with distance R and all quantities on the right-hand sides have to be evaluated at the retarded time t ′ = t − R/c. In the weakly relativistic limit we note from equation (6) that E r is antiparallel to the electrical field vector of the applied laser field, which leads to damping of the electron motion. An analysis of the decomposed x and y motion in the strongly relativistic regime leads to a similar situation: in the case of interest here we find from equation (6) that the major part of the radiation is emitted in the direction v of propagation. Considering figure 1 we realize the asymmetry between the motion in the x-direction and that in the y-direction and that there has to be much more radiation in the +x-direction than in the −x-direction, while there should be roughly an equal amount of radiation in the +y and −y directions. The process of reabsorption of the dominating radiation emission in the +x propagation direction of the laser field explains the extra small boost in the electron velocity in this direction. In contrast to the substantially smaller effect of self-energy, we are confronted here with the stimulated absorption of real photons of a highly populated field mode. We note from equation (6) that in the strongly relativistic regime, the phase of the emitted radiation is, in fact, again π shifted to that of the applied laser field which explains the damping in the polarization direction. The effect of direct momentum transfer from radiation, which is emitted equally in the +y and −y directions, essentially averages out to zero.
The most sensitive way of revealing the effect of radiative reaction is probably to consider the measurable radiation spectrum, i.e. to compare the radiation including and neglecting its own back reaction on the dynamics of the electron and thus on its actual emitted radiation. We have discussed so far the effect of the radiation force on the redshift of the electron oscillation frequency with respect to the laser oscillation frequency. Here one should expect a substantial effect already for more moderate laser field intensities. In figure 3 we see from the radiated field from hydrogen simulated by the Monte Carlo method, in a moderately relativistic laser field, that there is a substantial effect on the redshift. With radiation damping the harmonics are slightly more redshifted, resulting in a dispersion-like shape of the difference function, plotted in (iii).
We conclude that the effect of radiative reaction is still rather small even for intensities of the order of 10 20 W cm −2 and visible frequencies. However, we find clear signatures of radiative reaction in the radiation spectrum and trajectories: a damping of the electron motion in the polarization direction of the laser field, a velocity boost in the propagation direction of the laser field and finally an increase of the redshift of the electron oscillation frequency with respect to that of the laser frequency. The underlying leading physical process responsible for the radiative reaction appears to be the reabsorption of radiation in the laser propagation direction whose electrical field vector is oriented opposite to the applied electric field.
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